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221. 


ON THE SECULAR ACCELERATION OF THE MOON’S MEAN 
MOTION. 


[From the Monthly Notices of the Royal Astronomical Society, vol. xxii. (1862), 
pp. 171—231.] 


THE present Memoir exhibits a new method of taking account, in the Lunar Theory, 
of the variation of the eccentricity of the Sun’s orbit. The approximation is carried 
to the same extent as in Prof. Adams’ Memoir “On the Secular Variation of the 
Moons Mean Motion” (Phil. Trans., vol. cxLiu. (1853), pp. 397—406); and I obtain 
results agreeing precisely with his, viz, besides his new periodic terms in the longitude 
and radius vector, I obtain in the longitude the secular term 


Ene + 35m) | (e E ndt, 
and in the quotient radius, or radius vector divided by the mean distance, the secular 


term 
(3 m? — 1 973 mí) (e? se E^), 


which is, in fact, as wil be shown, included implicitly in the results given in Professor 
Adams Memoir. In quoting the foregoing results, I have written e? — E" in the place 
of (e --f'ty —e?—2ef't, which in the notation of the present Memoir it should have 
been; and I purposely refrain from here explaining the precise signification of the 
symbols: this is carefully done in the sequel. The method appears to me a very simple 
one in principle; and it possesses the advantage that it is not incorporated step by 
step with a lunar theory in which the eccentricity of the Sun’s orbit is treated as 
constant; but it is added on to such a lunar theory, giving in the Moon's coordinates 
the supplementary terms which arise from the variation of the solar eccentricity, and 


thus serving as a verification of any process employed for caking account of such 
variation. 


I have given the details of the work in a series of Annexes, 1 to 23: this appears 
to me the best course for presenting the investigation in a readable form. 
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L 


The inclination and eccentricity of the Moon's orbit, and, à fortiori, the variation 
of the position of the Ecliptic, and the Sun’s latitude, are neglected; and the longitudes 
are measured from a fixed point in the Ecliptic. I write 


n, the actual mean motion of the Moon at a given epoch; 


viz, it is assumed that the mean longitude at the time t is e+nt+n,¢+ &c. where 
e, n, Na, &c. are absolute constants; and, moreover, 


a, the calculated mean distance of the Moon; 


that is, n%a* is the sum of the masses of the Earth and Moon; a is therefore an 
absolute constant; and, in like manner, 


^, the actual mean motion of the Sun at the same epoch, 
a’, the calculated mean distance of the Sun; 


that is, if it were necessary to pay attention to, the secular variation of the mean 
motion of the Sun, the assumption would be that the mean longitude was e'-- n't--n; ?4- &c., 
€, n, n;, &c. being absolute constants, and n?a? the sum of the masses of the Sun 
and Earth; a would thus also be an absolute constant. But for the purpose of the 
present investigation the secular variation of the mean longitude of the Sun is neglected, 
or it is assumed that the mean longitude of the Sun is e +m‘, €, w being absolute 
constants; and that na’ is the sum of the masses of the Sun and Earth, a’ being 
thus also an absolute constant. 


I put also 
m, the ratio of the mean motions of the Sun and Moon; 
that is, ; 


n , 
m--—,orm-—mn; 
m 
m is also an absolute constant. 


The Sun is considered as moving in an elliptic orbit, the eccentricity where- 
of is +8 or e&--f't, e and f being absolute constants; the longitude of the 
Sun's perigee may be taken to be w«'-F(l—c)wt; so that the mean anomaly g' is — 
nt-4 e—[s' —(1—c)nt] 2 cwt- € — 9; c, w, being absolute constants; but c' is in fact 
treated as being =1. Hence, if 7’, v are the radius vector and longitude of the Sun, 
we have 

r' =a’ elqr (e + Se”, g^), 
v' 2 « + (1— c) wt -Felta (e + de, y”) 
=nt+e+[elta(e’ + de”, 9^) — g] 
where g=cnt+eé—a. 
In the expression for the disturbing function the Sums mass is taken to be =n’, 
or, what is the same thing, = nra. 


66—2 
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Let r, v be the radius vector and longitude of the Moon; then, taking the usual 
approximate expression of the Disturbing Function, the equations of motion are 


2 2 
D (55) ET. mnta 7. ($ +4 cos 20— 20’), 
Z Bs = mra” 5, ( —$sin2v - w’). 


It will be convenient to assume 
p, the quotient radius of the Moon’s orbit, 


p’, the quotient radius of the Sun’s orbit; 
that is 
r=pa, r=p'a. 


The equations of motion thus become 


d 8p (dy m — 
aaa) t» snm, 


To S 


where for shortness 


P=, ($ +4 cos 20 — 20’), 


g=£.( —gsin w 2) 
p? 2 > 
in which 
p. = elqr (e + de’, 9’), 
v —n't4- e + [elta (e + Se, y”) —g']. 


I now change the notation by writing p’+8p’, v+8v, in the place of p', v. 
respectively, using henceforward p', v' to denote 


p= elqr (e, 9), 
v 2 nt -- e + [elta (e, y) —9']; 
and I write also p+8p, v+8w, in the place of p, v, using henceforward p, v to denote 


the solutions of the equations obtained from the equations of motion by writing therein 
p, v instead of the complete values p’+ 6p’, v+ dv’. 


Suppose, in like manner, that the complete values of P, Q are denoted by P -- P, 


Q+6Q, where 


dP dP KP AAA, 
Sew tg eq P + gy bv’, 
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with a like value for 8Q, the first powers of dp, dv, Sp”, dv’ being alone attended to. 
Then, observing that the equations of motion are satisfied when òp, dv, dp’, dv’ are 
neglected, we have, it is clear, 


d dép Ls (3) - dv dév 


= aes OH a = mP 
dt dt dU "didi p. 
d dév du 
di (v ure a NECS 
The second of these equations gives 


p i. + 2p8p o = mn? (C + f dQdt), 


where the constant of integration, C, is to be so determined that dv may not contain 
any term of the form kt (for any such term is taken 2 be included in the term 
nt of v+6v). Multiplying the equation just obtained by -= E , and adding it to the 


first equation, we have 


Pe, f per an 5509 dl EE T (C+ [dQdt)), 


which, with the above-mentioned integral equation, are the equations for the solution 
of the problem; but it wil be convenient to write them under the slightly different 
form 


dòp P 2n? dz 1 2 dv 
S, 4 np = le^ s - S (ap) | BP + min lp? T (c+sagae)}, 
dà» _2 dv mn? 


In these equations C is determined, as above, by the condition that = may con- 


tain no constant term; the values of p', v', dp’, dv’ are of course given by the theory 
of elliptic motion, and those of p, v are given by the ordinary lunar theory, in which 
the eccentricity of the solar orbit is treated as a constant; and then, dp, dv being 
obtained by: integrating the equations, the radius vector and longitude of the Moon 
are a(p+ 6p) and v--8v respectively. 
We have 
P=5 ats 3 cos 2v — 2v’), 


i-i — $ sin w — 24). 


Moreover, by the lunar theory, observing that Plana’s «œ is, or may be considered, 
identical with the a of the present Memoir, and putting also 


T — nl-- e — (wt -- €), 
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we have 


tm- 2 me”? 


— $ me 


+ mime” 


ni + € 
— 3 me +0 we 
Rom? —55 mie? 
+ E we 
— Y we 
— 3 me?+0 me”? 
+ 187 mie”? 


Q0 me? 
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cos y 
u At 
» 2r—9 
» rg 
» Y 
» 2r — 29 
» 2r-29, 
sin y 
NIS 
» 2r—g 
» 2r-tg 
» Y 
» 2r—929 
» 2r +2g, 
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where the series are carried as far as m? and e”; the terms in e” are given, as I shall 
have occasion to refer to them, but they are not used in the investigation, and, omitting 


them, the values are 


(9 — emnt + const., 


+ m ieee 
+ ¿me » -g 
—$meé  , 2+’, 
ni + € 
— 9 me sin g' 
+ YU m MES 
Tdiw-we€ , 2r-g’ 
— dee „n &rt+g’ 
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For the coordinates of the Sun we 
if 


ak 


p 


the series being carried as far as e”; but the terms in e? are only used for 


formation of dp’, dv’; and, omitting 
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have 
= J i 
+e cos y” 
Te » 2g, 
= nt+e 
+2e¢e sing 
+5e? ,, 2g, 


them, we have 


=e Fok 
+e cos g’, 
= nt+e 
+2e sing’. 
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the 


If ë +f't is written for e, then the value of de is —f't; but as only the terms 
multiplied by the simple power f” are attended to, we may for convenience 
Se’ =t, the factor f’ being restored in the final results: we thus have 


na 
p 


dv 


and we may add the equations 
du 
dt 


which will be found useful. 


edd a 
+ 2e’ x29. 
A . Ash 
+e n Y, 
n x 
= Aaaa 
1 
— 3me cosg 
+ 41 m? » 27 
+iime  ,2r-yY 
paren Oy l me’ = 9T tg, 
= 393e6 ¢ 
+3 tcos g 
+30 4 Y, 
mci (sin y 
He >» 1. 29, 
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It 


Proceeding now to the development of the solution, we have 


SP = sad + deos 20 — 24") Bp 
+A — 3 sin w — Ww’) du 


ue [+3 cos 2024) 75 +(8 sin 2024) 2, 


where the terms containing dp and 9v are (see Annex 1) 


$ 
+ ¿e cosg 
+3 ET 5p 
+e , 2r—g’ 
ig , w+” 
| 
—3 sin 27 


—21¢ , 2r—g v, 
486, 2r 4g 


and also 


= fa (= 3 sin 2u — 24 dp 
p / 
toC Sede ed 
Ñ me A 9v 
Tp Lp ML AU Rau dais 


where the terms containing Sp and dv are (see Annex 2) 
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—3 cos2r 


Me , 2r—9 v, 
+e , At” 


but the additional term 144 m*e' cos yg” is ultimately added (see Annex 17) to the coefficient 
of àv. 


Neglecting the terms in dp, dv, we have (see Annex 4) 


óP >» & Cet 
+ 3 t cos y 
— ibe’ mh 
T4 » 2r—9 
— 3 » 2r 9 
+e y 9g. 
TA » 2r —9g, 

and similarly (see Annex 5), 

dQ= $e tsin 2r 
ida E mv 
+2 » 27+9 


—5ig  , 27-29. 


But in the foregoing expression of èP the terms belonging to the arguments yg”, 29’ 
give in Sp, terms which rise by integration in ôv; and in forming the expressions for 
&P, 5Q, it is proper to take account. of these terms. Attending only to the terms in 


question, we have 


n? x 
2 Gotan TI. 
a +1n0p =mnbP= gm? tcosg 


+3me —, 2g. 
Now in general, if 
+n0p=n* tcos nat, 


then 


t cos nat ; 


2a E 1 
$ = 3 B nat y E 


ga 
and hence the foregoing equation gives in dp the terms 
3m sing” +3  tcosg 
+18 mie’ , 29 +2me  , 99 


O. IL 67 
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or, neglecting the terms which contain m*, the terms of 8p are 


/ 
$m tcosg 


+ g mE y 2g. 
Substituting these terms in 
dàv 
mn = 2ndp, 
we have 
n x 
dàv 


Fs IIT RE ENTRY RT RE 
= -3m tosg 

~ Ome — , 295 
and since, in general, 


f t cos nat dt = as cos nat + d. tsin nat, 
na na 
we obtain in dv the terms 
4x 


grece qs, TUM ip s OS 
—3 cosg + —-3m tsmg 


—$e€ , Y —gme „2g, 
or for the present purpose the terms 
nx 
C3 sg 
-ie » 2g; 
and these give in ôP the additional terms (see Annex 6) 
nx 
22  sin2T 
+ 3 » 29r—9 
+ 2 » 2T+Y 


+158 ¢’ , 27-27 
+ ge , 2r+29’, 


and in 8Q the additional terms (see Annex 7) 
nm x 

SSN 

21 cos 27 

- 3 » 2r — g' 

4$ o. AY 

T1838 , 27-27 

+ Ye , 27+29. 
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Combining the foregoing results, we have, 


and 


èQ 


— 51e 
0 


whence also (see Annex 8) 


n fagar EC) 


d*àp 
de 


t cos y 


27 

27 - y 
2r t 9 
29 

27 — 29' 
27 + 29' 


The equation for 8 may be written, 


nx 

LI 
i 

0 sin y 
T4.  ,, 27 
+ 3 » 27-9 
t$ » 2r+g' 

0 » 2g 
+158 ¢ — , 27-27 
+%e ,, 2+2, 

nx 
+.0 cos y 
+e , 27 
+ $ » 27-9 
+ 3 » 2+’ 

0 » A 
+e „ 22-27 
+28 , 27-29; 

Ht x 

+0 sin y 
+e — , 2 
+43 » 29r—9 
+ 39 » 2r4g 

0 » 2g 
Te y 2r—29' 
+40 » 27+29.. 


+ nbp = mn? Qi + 2n | Qat) 
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and we have, (see Annex 9) 


nx 
SP +f Q= qe t Fy 
+ 3 t cos yg 0 sin y 
—15e  , 2r +e , 2v 
+2 »2T—g TR » 2r—g 
— 3 » 2r g + ip » 2r+g’ 
12e »029 0 s ay 
+5leéé „ 27-27 + le „ 27-29 
0 » 2T-4- 24 + łe ,27429. 


. 2 
Hence observing that a term nt cos nat in A" +n’Sp, gives in Sp the terms 


anm t cos nat 2a 


EA SI sinnat 
1—a (1—a?y n ‘ i 


Pep 
de 


and a term nsin nat in +n5p, gives in Sp the term 


| Oe ra 
Ek sin nat, 


we have (see Annex 10, but restoring the factor f"), 


òp — f' into as follows, viz. 


"x 

à me t EY 0 
+m? tcosg 3m sing 
+5 me i 27. —203 mie ,, 27 
- 35m » 2r—g' + $ m » 2r-Y 
+ im » 2r+9 — Y m » 27+’ 
T$ me ;, 29 — 18me  , 29 
—17 we  , 27-27 +8me „ 27-29 

0 » 27+29' — $ me „ 2r+2/. 


[221 


The first column, containing the term in £ and the terms ¢cosarg., shows that the 
constant term of p, and the terms involving the cosines of the same arguments, as 
obtained without attending to the variation of the solar eccentricity, are correct as 
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regards the first power of t, when for the constant eccentricity e' we substitute e + f't. 
In fact, the above-mentioned expression (correct to e^?) of 1 gives 
p 


p-cl-imtime 


3 25/2 d 
+ 3 me cos g 
— m+§mie? » 9r 
/ € / 
— i me » 2r—9 
+4 me » 2r7+9Y 
+ 2 me” dg 
— ML me” » 2r — 29g 
oO,’ 
0 » 27 +29’, 


and putting therein e’+/’t in the place of e”, we have the first column of the fore- 
going expression of p. 


The second column, involving sin arg., contains the new periodic terms considered 


in Prof. Adams Memoir of 1853, and the coefficients for the arguments y”, 27, 2r — g', 
2 


2T--g, agree with his values; observing that his terms belong to XM — — = —Óp, so 
p 


that the signs are reversed; those for the remaining arguments 29', 2r — 29’, 27 + 20’, 
are not given by him. 


The equation for dv may be written, 


e = — 2nàp + m?n? | dQdt, 
and we have (see Annex 11) 
n X 
dàv 
poc 22! 
di 3 me t 
— 3 m icosg — 6 m sing 
+52 me, 2T +1919 m^ „ 27 
+ Y m » 2r- g — 122 m » 2r— 9 
— li m? oj 9T +9 + ABL qm? i 2T +g 
— 9 qe „ 2g - 36 we  , 29g 
+1gime „ 27-29 —1297 me  , 27-27 
0 » 27+ 29’ + 33 me, 27 + 2g’, 


whence, integrating by the formule 
¡A 1 
| t cos nat di — — t sin nat + —— cos nat, 
na na 
; 1 
| sin nat dt= — — cos nat, 
na 
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we have (see Annex 12, but restoring the factor f"), 


8v — f' into as follows, viz. 


— 2 mne? 
nx 
. As, 

—89m  tsing + —-34+6m* cosg 
— 53 mie * or UE 74 q?e' Y 9T 
+H m » 2r—9' + 245 me » 27-9 
— Y m » 2r+yg — 251 m? » 2r g 
T 5 me » 29' E e+ 18 m?) e » 29 
+ 181 me » 27-29 + 2339 me » 2r — 29 

0 » 2r 4-29 — 33 qve » 27 + 29’. 


The first column, containing £sin arg. may be obtained from the before-mentioned 
expression (accurate to e°) of v, by substituting therein e’+/’t in the place of e. 


The term —3 m?ne/f't?; or, as it may be written, — 3m? | n [(e' +f t — e?] dt, is the 


firs& term of the acceleration; the other terms of the second column are the new 
periodic terms in dv, considered by Prof Adams; the coefficients for the arguments 
Y”, 27, 2r — g', 2r +g, agreeing with his values, but those for the remaining arguments 
2g', 2r — 29’, 2r--29g' not being given by him. 


III. 
Proceeding now to the calculation of the term in mt of the acceleration, we have, 
dàv 2 dv mn? 
i ires (os faa), 
where the non-periodic part of dp is of the form, 


Sp = ( m? + Om’) ef, 


and it is in the first place necessary to find the value of the numerical coefficient O, 
in fact to calculate the secular part of 8p as far as m*. Reverting to the equation 


ds 2 13m dy 2 d 
99 inei =(n eje i 3 (8) ) ap + ms (ap. i W (c+ figas), 


and as before omitting in the process the factor f’: 


The part (v +a — 8 (5) ) dp contains (see Annex 13), a term 
= 381 met. 
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The part of m?w8P, which involves 8p, contains (see Annex 14) a term 
= — 495 min’e't. 

The part of m*n*8.P, which depends on òv, contains a term 
= — 15 m*n*e't. 


The part of m*n8P, depending on Sp” and $v', is; found (see Annex 18) to contain, 
besides the term $ m?net in m? already obtained, a new term 


= — SA mn et. 
And finally the part mints - (c+ | Qat) is found (see Annex 19) to contain a term 


(2.1155 + SFR =) — 2335 mm?e't, 


where the component coefficient —1455, which arises from the new periodic terms of 
Sp and du is separately calculated (see Annex 21). 


dép : 
Hence da +" dp contains the term 


(D = api 4 — 3p Y- 2998 =) — 1948 meet 
and this gives in dp the term 
— 1273 met, 
so that, restoring the term in m, and the common factor f’, the complete secular 
term of òp is 
p = (G m* — 1958 ms) eft, 
which, as will be shown, Art. IV., agrees with Prof. Adams' result. 


Resuming now the equation, 


PEE R ap +e 5 (o+ f 8a). 


the part — : = 8p contains (see Annex 22) the term 
(972 + 292 =) 2532 mine’ 

and the part mE (c + | Qat) contains (see Annex 23) the term 
(4 — 442 =) -134 mnt 

so that we have in e the term 
(2433 - 1992 =) 2442 mine, 
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giving in óv the term 


BIA m*ne't?, 
or, restoring the term in m? and the common factor f’, the complete secular term 
of dv is 
du = (— $ m? + 3111 m^) ne fe, 
which agrees with the value obtained by Prof Adams. It is right to remark that 
the m of Prof Adams is different from that of the present Memoir; we have in fact, 
m (Adams) = m (1 + ($ m? — 3211 mt) 2e'f't} 


in the notation of the present Memoir; but as f^ is throughout neglected, we may 
in the foregoing expression of the secular part of dv substitute the m of Prof. Adams. 
And then if the term be written in the form 


Su =(—¿m* + 8411 m) | Ce +t) — e*] ndt, 


the two results are seen to agree together. But as regards the before-mentioned secular 
term, 


ipo Gne — 1958 m) £ft 


the identification is less easy, and I shall consider it in the following article. 


IV: 


It will be convenient to write M, N, A, E' in place of the m, n, a, e”, of the 
foregoing part of the present Memoir, and to now use m, n, e”, in the significations in 
which they are employed by Prof Adams; Æ (the constant part of the solar eccen- 
tricity) is his E' and his e is E'+f%. As to his symbols a, a,, these, I think, ought 
to have been represented, and I shall here represent them by a, a,(). And I take a 
such that n’a? = Sum of the masses of the Earth and Moon; or, taking this to ‘be 


unity, we have N?43=1, n?%a*= 1. 
The formule of Prof Adams memoir, which it will bé necessary to make use of, 
may be written 
z =1 — X m — 291 mie” 
— ¿me cos yl 
+ mme , 27 
+2 mie »2r—9 
— 4 mie’ » Arg 


1 Plana, in his Lunar Theory, uses the three letters a, a,, a; his a and n being such that »?a? = Sum 
of the masses of the Earth and Moon. There is an obvious inconvenience in writing a, a,, in the place of 


his 8, 8,. 
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the sine terms being disregarded, 


=N {1+ (—$ m + 35) mt) 2E'f't), 
(whence also 
m=M(1+( §m?— 3271 m!) 2E'f't} 


3 
R 


since m=—, M=) 


3 


saab {L+ mt —aphmt+( qm) e”), 


1= = (1 — 4 m + 13 m+ (— $n? + 23% m4) e”), 


1 
p+ p 
for the secular part the MA expression, which will now be 


8p = (jJ — i9] MY) Ef 


which formule (observing that -“) lead to the value of Sp, and we should obtain 


We in fact have 


Lodza) {1 MM m? — 122 m4 + (3 m? — 8897 m^) e”), 


and thence 
a =a, (12-8? — 14 m* + m? — 3382 m^) e? 
— 4 (m + 3 m* e?) 
=a, (Le pré $28 mt +( mê — 2532 m e; 
but 


(1 — 4} m+ 8 m+ (¿m4 3391 mt) e’), 


E 


and therefore 


a=a {1+ rm (o m= pame 


-4 mt è m — 4 m c; 
— 4 m+ (—2 m?+ 3391 m^) e? 
— j me 


=a (1 +4m? +3 217 Zam! + ( 4 m +1618 må) e?) : 
and hence, since for the non-periodic part 


=1 — 11m? — 294 mie”, 


O. ¿EL 
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we find 
<= 1+ $m? + 485 mé + (F m? + AS m? e 
= 14 mi a AM mi e? 
=14+40 pgm m — Hp moe 
=1 +4 m — 422 mt + (10? — 199 m?) E*+ (3 m — 133 mi) 2Ef t. 
But 


n 


A 3 v gg. 
<= (Jp) =1+ C m 38g mo 287%; 
and therefore 


4- 1 +4 m?— pm + (4 m? — 193 m) E?-( 1m — 1$$ m)2Ef't 
+(- m+ 3701 mi) 2Ef't 

—-im.2Ef't 

=1 +4 m — y m + (4 m — 4g mt) E^ + (— £m? + 2231 m^) 2E ft. 


But we have 
m —M(1--(M—3:11M92Ef't) ; 


and thence in the foregoing expression 
m= M 4-3M*.2£Ef't, 
m= M*; 
and therefore 
A 214 4 JP phg M+ Q P - 199 MY) E” e (7 2 JP + 281 M9 2Ef't 
+ 4 M.2Ef% 
—]1-ri M — H8 M + (4 W — 138 M*) E^ +(- 2 M + 2392 M 2Ef't; 


and observing that in the periodic terms we may write A, in the place of a, and 
neglect the sine terms, we have 


A -IiECitbP-4BURe qan gy Mn ES 
+ (7-2 M? + 2362 M 2E f't 
—$ me’ cos g' 
+ m(-¿e?% , 27 
+i mie , 2r-g 
— jme » w+, 
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1 
aY pp 
whereof is 


—1--X; and thence p + ôe = = 1 — X + X*, the non-periodic part 


aios 
1+ X- 


1—4JMP 4338. M+ (-3 M+ Hg MY) E? - (3. M: — 2392 M9) 2E'f 


+A M + 7, M E^ + 4 M2EFf'1 
+ 4.2 me” 

+4  m*(l-—5e”) 

+ ). 22 me” 

+4. 4 me”, 


where the terms in mt and mtg? are 
=} m ($ perd D Sue 
=4 M’ +32 MIE” +52 M+. 2Ef't; 


which are 


so that the foregoing expression of the non-periodie part of p+ òp is 
-1 -4UP4( Hitit) nian 
FOTM He tat B=) Ay MES 
(BA? (- 2392-3492 =) — 1512 M9) 2f; 
or the secular term of òp is i 
=(4 A: - igi M) 2E'f't, 


which is the required formula. 


Yi 


It is interesting to see how the coefficient 3111 is made up. In Prof. Adams’ Memoir 
we have 


--i-i (=- 2) 
EXCEMP T Ie H8 38 — aL — s IMP — o (- 3442) 
Rg-3p-4p-i4p- a ip ipo PAA ped (018), 

where it may be remarked that the terms 
Hinis Gio A) 
— fij = (+ RE) 


make together 3.1485 —5855, and that it is in fact by the addition of these terms 
that Plana’s coefficient 2181 is changed into 2771. 


and 


68—2 
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But in the present Memoir the coefficient 2771 is obtained by means of an entirely 
different set of component numbers, viz. we have 
377 — 3814 495 415 + £ + 455 — 675 4 275 4 45 — 1455, 


I had imagined, from the way in which the numbers 1425 — 1425 presented them- 
selves, that, if they were omitted, Plana's value 248% would have oM. obtained ; but 
the result shows that this is not so. 


As just deduced from the formula of Prof Adams, the number 437% is obtained 
as follows, viz. 


149 = (— apf —1)— 3-44 (+ D-4-39-p-1-2 1-3 


=-1-3-$+9-4-4-4+1 (=-1) 
+ 299 — 99 — 


where ut supra 

apo p Xx pop opo pipi pesce gg 
—291 is a number occurring in his Memoir, and which is in effect obtained irrespectively 
of the new periodic terms, and — 32 is a number obtained as above, irrespectively of 


the new periodic terms, According to the method of the present Memoir, the number 
1913 was obtained in the form 


igo — gn — 49 — 16-38 — 14 89) 


VI. 


If the investigation were pursued further, a question would arise as to the proper 
form to be given to the arguments; for in these, nt+e seems to stand in the place 


of v, the value whereof is 
v — nid e — ($ m? — 3111. m?) ne fe, 


say v — nt-- e -- kne'f'?, and it might be considered that in the arguments nt+ e should 
be changed into nt+e+knef’?, or, what is the same thing, that r should be changed 
into T--knef'ü, but that yg” should remain unaltered (this assumes that there is not 
in the Sun's longitude any term corresponding to the acceleration). The arguments, 
instead of being of the simple form kt, would thus be of the form kt+h,f’?.. But this 
would not only increase the diffieulty of integration, but would be inconsistent with the 
general plan of the solution; and it would seem to be the proper course to imagine the 


cosine or sine of such an argument to be developed pu kt hf ‘P= uH F kf” "s gna t) 


in such manner as to bring the secular part of the argument do the cos or sin; 
this is, in fact, the form which the solution takes when the arguments are left 


P cos 


throughout in their original form, for the terms of the form f’ OE would present 


themselves in the subsequent approximations. But I shall dd at present further 
examine the question. 
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ANNEXES CONTAINING THE DETAILS OF THE CALCULATION, 


Annex 1. 


Calculation of part of SP. 


1 , 
BP = AU nos de do 
+A — 3 sin 2v — 2”) 8v. 


For cos 2v — 2v’, sin 2v — Ww, see. Annex 3. 


$ +3 cos 2v — 20’ = E = 
$ 1 
+$ cos 27 +3¢ cosg. 
+3e „ 2r-g 
—8e , tg’ 
Product is = 
$ +e cosg 


+3 cos 2r +%e'(4cos2r—g ++c0s 27 + g”) 
+3e , 2-9 


—38e , 27+y9 
= 3 

+ $e cos g 

+3 Mai. i; 


(734-22) +Ye , 2r— 9 
(-8+3=) -łe , Arty’, 


which is the coefficient of 8p. 


And 
i 
— 3sin 2 — Ww = "dn 
- 3 sin 27 1 
—6e » 2r—g +3e cosg 
-6e6€ » 2+’ 
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Product is— 
—3 sin 2r — 9 e (d sin 2r — g - 3 sin 2r +g’) 
—6e€ , 2r—g 
+6 , 27+9 
= — 3 sin 2r 
(-6-3-) -3d , Py 
(+6-$=) +3é , w+’; 


or, since p — 1, this is the coefficient of àv. 


Annex 2. 


Calculation of part of òQ. 
Q= 5 (- 3 sin 2v — 2v) 8p 


2 
+53 cos 2v — 24”) àv. 


For cos 24 — Ww, sin 2v — Ww, see Annex 3. 


— 3 sin Zü — W = z= 
— 3 sin 27 1 
— 6¢ » 2r—g + 3e cos y. 
A » 2rtg : 
Product is = 
— 3 sin 27 — 9e (4 sin 27 — 9' + 4 sin 27 + y”) 
— 6e » 2r—9 
— 6¢ » rtg 
= — 8 sin 27 
(-6—$-) - He » 27 — 9 
(-6—22) +e , 274g 
or, since p= 1, this is the coefficient of dp. 
, 1 
— 8cos Ww — Ww = p 
— 3 cos 27 1 
-— 4s » 2r—9 43e cosg 
+46 „ 2% +9 
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Produet is — 
- 3 cos 27 — 9e' (4 cos 2r — g' + 4 cos 27 + g^) 
— 6¢ » 2r—9 
+6¢ 4, art” 
= — 3 cos 2r 
pow ep CONO oan ey 


(+6-2=) +e y 2r+g'; 


| or, since p?=1, this is the coefficient of ôv. 


Annex 3. 


Calculation of OS oy — 9v. 
sin 


v— v= r—26 sin y 
2w — 2v 22r — e sin y 
cos 24 — W = cos 27 
+ sin 27.4e' sin y 
= cos 27 
+2 , 27-y 
—2€ , 2 y 
sin 2v — Ww = sin 27 
— cos 2r.4e' sin y 
= sin 27 
+2 , 27-g 
—2¢ , I+’. 


The expressions are calculated (post, Annex 16) as far as m? 


Annex 4. 


Caleulation of a part of 8P. 
dP =p (a 4- $ cos 2v — 21) 37 + (3 sin 2v — 2) al à 


For cos 2v — w, sin 2v — 2v, see Annex 3. 
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, 1 
4 +3 cos 2v — 2v/ = | $T 
j 8e t 
+ 3 cos 27 + 3 t cos g' 
+3¢ » 2r—9 + 9e » ee. 
— 3e » 2rtg 
Product is = 
ge t 
+3e ¢ cos 27 
+ » Y 
+2 (4tcos 2r7-g + 4t cos 27+ 9’ ) 
+9e(4 , 2-2 +4 , 27 ) 
—9e(3 , 27 +4 , 2742) 


+e tcos 29 
+22 e (4 ticos 2r—2q’ + $ cos 27+29’), 


which is = 
ge t 
+ $ t cos y 
G+3-$=) + 86 » 27 
+ 2 » aT y 
+ $ ^» Pg 
+38 22 
ME n Br dy! 
(-$+22=) +2¢ » 27+29' 
3 sin 2v — Ww = m 
p 
8 sin 2T 2 tsin g 
+6€e » 2r-9 Tide, 2g 
— 6e » +g 
Product is — 
6 (4t cos 2r-g — 4t cos 27+’ ) 
+128 (4 , 2rT-9y —4* , 2r ) 
-12(4 , 27 —4 , 27+2%7) 
+e , 2r-29 —- 4 , 27+29, 
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which is = 
(-6-—6=) —12e t cos 2r 


+ 3 » 2r—9 

— 3 » rtg 
(6+ 38 =) +52 e’ » 2r—2g 
(6—38 =) — 2e » 27+2yg, 


whence, adding the two products, and observing that p?=1, the required terms are 


= pe t 
+ 3 t cos y 
(92-12=) -ife » 22T 
(f+ 3=) +% » Brag 
URIs) FA » 2r 
430 TEE d 
(EH) 44 Y 
(2— 22) 0 » 27+ 2g. 
Annex 5. 


Calculation of a part of òQ, viz. 


SQ = p? |" isi 0-2) zte cos 20-20) 77 | : 


— 3 sin w- W = B 

— 3 sin 27 3e t 

—3¢ » 2r—-g +3 t cos y 

+38 » 2T 4g +9e » 2g. 

Produet is 
—$96£  tsin 2r 
— 2 (jtsin 2r+9 +42 sin 2-9 ) 
—9e($ , 27 + i » 2r — 29’) 
-964( , 2+2Y +4 4 2T ) 
2 27 e (i ». y ET 29 + i » 27= 29^), 
C. III. 69 
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which is = 
(-$-$+%=) - $e t sin 2r 
"s 2 » 2r —9 
SA » org 
AR -44 n Y 
(-$-3:2) - 2€ » wF; 
and 
cos 2v — Ww = «A = 
3 cos 27 2 t sin y 
+ 6¢ » 2r-Y : 
3 6 e » 9T +g * + i p 2g 
Product is 
6 (4¢ sin 2r+2g' — 4t sin 27—9') 
+12 (4 , 27 -4 , 27-2) 
— 12€ (4 , 27429 —4 , 27 ) 
+388(4 , 2742 — 34 , 27-29, 
which is = 
(6+ 6 =) 12 € t sin 27 
— 3 » 2T—9 
+ 3 » 2Zr+y9 
(-6-%=) -4d Y 
(-6+38=) + 2¢ » 27+2y. 
Adding the two products together, and observing that p?=1, the required terms are 
(- 3 + 12= le  tsin 27 
(— 2 T 3 = m 2h » 2r— 9 
(24-32) + 2 » 2r4g 
C- Y=) -3é n Y 
(-2+ } =) 0 » 27+ 29’. 
Annex 6. 
Calculation of terms in òP, viz. 
| max 
: P Ln agro "ME? RED RS 
- 3 sin 27 - 3 cos y 
-4e » 2T — g ds $e » 29”; 


+e » wt 
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the product of which is 
9 (à sin 27+9 +% sin2r—g) 


- S986 (1 , 27 +4 , 2r—29) 
—$e($ , 2+2 +4 , 2r ) 
+e , 2742 +4 , 27-29), 
which is — 
nm x 
GR-i-) "Ré sin Br 
+ $ » 2r—g 
+ 2 » 2r 
(+4 =) + 183 ¢’ » 2r—2g 
(-2+2%2=) +3 € » 2r42g. 
Annex 7. 


Calculation of terms in 6Q, viz. 


mex 
- 3 cos 27 -3 cos y 
—91e „ 2-y —-2e£ Met ^n 


+e , It” 
the product of which is 
9 cop 2r—g9 + § cos: 2r g ) 


Es Y ei ge 0) 
—$6(& , 2 +4 , 27+29) 
+e y 27-2 +4 »,» 2742), 
which is = 
nx 


A, 
( %8- $=) 21 e eos 2T 


T: » 29r-g 
+ 3 » w+” 
( S24+3%=) + be „ 2-Y 
( (LES) 4-84 , 2r-39. 
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Calculation of n | dQdt. 


We have 


Annex 8. 


n | sin nat dt = — 1 t cos nat + Ed sin nat, 
a na 


| cos nat dt = ES sin nat, 
na 


and in all the arguments a is taken — 2. 


nx 
n | 8Qdt - — 4p € t cos 27 (+ 48+ 22 =) + Se’ sin 2r. 
T » 2r — gf e Hc i =) + + » 2r — g' 
ne » rtg Ch By hed St) C YEN s frg. 
+ She’ » 2r—29g (— 9-32) + 41¢e , 27-9 
0 » Ir + 2g! ( O+%=) +% » 2r+Y. 
Annex 9. 
Calculation of ôP + 2n Í Q dt; viz. this is 
pe t 
3 t cos y nx "^ 
(-1f-42=) — 15e » E27 (+ Y +2%=) 12360 sin 27 
(rb qe AE » 27-Y Ur P V EN) E » 2r—-g 
(8-829 -8 rf (FE +=) +, mag 
Hos) c d£ — Y orai -o s 
(+3 +3 =) + 51€ » 2r — 20’ (+1483 +53 =) + Be  , 2-2 
ta ah EN » r+ 29! (+ g+=) +20 n 9f 


Calculation of 8p from the 


dòp 


—— 


dt? 


Annex 10. 


equation 


+ 18d = men? (BP + 2n | SQ dt). 
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I dòp 2 2 1 1 
n ge - nSp, a term ni cos nat, gives in dp, 
n at Te hg at ; 
gem osn "Op qo T ; 
and a term nsin nat, gives in dp, 
T$ 
i“ P sin nat, 
and a= 2, and therefore 1 Ll -- 3, for all the args. except y”, 29'; for these, a — m or 2m, 
and therefore a =1, 
1—a 
6o 8 meet q^ x 
ae ee 
+ im tcos y (+ 3 =) +3 m sng’ 
+ 5 me 5 m CAL) — 203 pe „ 27 
-4m » 2r-g +4- 4=) + Hm, @-g 
+i m » 27+yY — 3.-#5> - How » rg 
+ 2 me "E (+18+0=) + 18 me ,, 2g 
— 17 me » 27-29’ (+ $8 +42=) + 8 me „ 27-27 
0 » 27+2¢' (0-422) — 2 we , 27429’. 
Annex 11. 
Calculation of = viz. this is 
= — 2n òp + min* | 8Q dt. 
dàv _ 
Pom n x 
(— 3 =) C 8 wet 
(- 3 =) —3 m toos y ES =) — 6 m sin y 
(-10-28=) - 4 mw, 2r (H+) ipm n 2r 
(+7 +4=) +m „ 27-9 —H+H=) — Pm » w-g 
(-1-4- -%m, 9?rif | AAA) rim Y 
(-9+0=) — 9 me p Y (36+0=) - 30 mv p 9j 
(+34 --51—) +182 qd  , 27-27 (— 88 +54=) -me — , A — 2g 
( 00 ) 0 » 27+29 (-$-$&-2)) + $ we » 2T-F2g 
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Calculation of 8v from the foregoing value of 


We have 


n | cos nat dt = i t sin nat + Be cos nat, 
a na 


| Seat dies 


Annex 12. 


1 
— — cos nat ; 
na 


a=2 for all the arguments, except only a =m, 2m, for the arguments y, 29, respectively. 


du = 


— 8 m 
— 55 me 
+ E me 
— H m 


apt més 
0 


t sin y 


2T 

27 — g 
2r -- g 
29 

27 — 29 
27 + 29 


(- 5+ 5 
OS 
Corp = 
E 
(z5 18 
(+ ARE + agg =) 
(0-89 


n xX 


S QE O 
3 +6 m 


mne e 
cos gi 
, 
ne , 2r 
qm? » 2r—9 
m? » +g’ 


+18m)e , 29 


me , 2-2 


me , mF. 


The remaining Annexes relate to the determination of the non-periodic or secular 
terms of the order mí, in dp and ôv respectively. 


Caleulation of term of bes 


We have 


2n? dv V 
n? 4- 7 —38 (E) 


(142+ m?-3=) 


(- 9 + 18 =) 
(+6 — 3 =) 
(+21 — 21 =) 


(- 3+ # =) 


Ee 


IND 
- 


sal 


/ 


n? x 
ao ee 
me’ cos Y 
m? n... 
me , 2r—g 
me , 27+9 


Annex 13. 


a —3 (à dp. 


www.rcin.org.pl 


op 


cos g 
EMI. 
» 2r—9 
» Art 


221] ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. 


551 


where, in the second factor, the arguments not occurring in the first factor are omitted, 


as not giving rise to any non-periodic term; and so in other similar cases. 


term of product is 


mine 1 3 
EA o E 
+4.-H%. 5 
+4.—-142,.- 3 
tEw-:l.1f 


= (G+ AP HP HE + Bh OT) + 281 met. 


Annex 14. 
Calculation of term of m?n8P. 
mn6P, the part involving 8v is 
du = 
pt uc P de — 3m t sin y 
— 3 sin 27 — 55 me Be 
— 21e » 27-9 + Hm » Qr-9 
+ 3 ¢ » 2r - Um » 2749 
+ &c. 
and term of the product is 
minte't 4.-3.- 8 
+4.-%. & 
+4. §.-# 
= (38-1941 — H7) — 49 mint 
‘Annex 15. 
Calculation of term of mn*SP. 
m?n?8P, the term involving 8p is 
qmm? x dp = 
ore $ me’ t 
+36 cos y + 3m t cos g' 
+ 3 » 2 + 5 mie’ a) XT 
+21¢  , 92r—g -im » 2r-g 
Au Esc; Rf + 4m? "e Lr 
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and term of the product is 


ménet i. 3 
dinos —3À 
abu c ME 
+4. 2£31.— 541 
Stet, a 


= ($+ 2418-142 — 8 2) — 3B mie t. 


Annex 16. 


i cos 
Calculation of . 2v—2v’, as far as m. 
sin 


cos w — 2v = cos 2r + X= cos2r 
— X sin 27 
— 4 X? cos 2r, 
sin w — Ww = sin 2r +X = sin2r 
+ X cos 2r 
4 X? sin 2r, 
where 
X=- (4+ 6m) e sin y 
+ ym uer 
+ E me ^» 2r-Y 
— LU me » 2r, 


and thence 
X sin2r=-(4+ 6 m)e (fcos2r—g — $cos 27 + y”) 


e A E po os 
+ YE we  (4cosg' — 4 „ 47-9’) 
-—4 a9 duy = 4 «47 +9), 
which is = 
11m? 
G-H) «wd co y 
—(2+ 3 m)e » Q2r-g 
+(243 me. „ 2r4g 
— lA qm? » ^T 
— ii me’ » 4r—9 
+44 me » AT+Y; 


www.rcin.org.pl 


[221 


291] | ON THE SECULAR ACCELERATION OF THE MOON'S MEAN MOTION. 


X cos 2r=— (4+ 6 m)e  ($sin2rT--g — $sin2r—9) 
+itm ($ ,, 4T ) 
Tos ghe ASR Y (arate gs) S) 
Pai A, = 4)» Y 


which is = 
CH-4= Yme sing 
+(2+ 3 m)e » 2r—9 
—(2+ 3 m)e » 2r—9 
+ Em » 4r 
+ ii me » 47-9 
—iimie » AT+Y; 
we have, moreover, 
X? — — 2 (4 + 6m) e sin y” . 4) m? sin 27 


= — 22 me’ ($ cos 2r —9' — 4 cos 27 +9’) 


— —ll«e  cos2T — yg 


+llme’ , 27—9, 
and thence 
X? cos 2r = — 11 me’ (4 cos 4r — y + $ cos g^) 
+11 me’ (4 „Arg +t , 9) 
= (+ => 0 cog 
-dme ,4r—g 
+41 me’ , 4rTcg'; 
and 
X?sin 2r — — 11 me’ (4 sin 47 — y -- d sin y”) 
—11 m? ($ , rtg +4, 9) 
—(—141—44—)—11 me’ sin y 
me ,, 47-9 
+41 me p 47+9'; 
and thence . 
cos w — W = eA amt 
+ 1 cos 27 
— 3me UAE A 
+(24+ 3 m)e » 27-yY 
—(2+ 3 me » +g’ 
+ LU m » 4T 
(+44 +43 =) + 121 qu) e » 47-9 
(-H-Y=) -Ẹ#m”  „ tr+y; 
O, TER 
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and 


sin 2v — Ww = 1 sin 27 j 


(-¥+¥=) Ome , 
+(2+ 3 m)e » 

—(2-- 3 m)e s 

+ Um A 

( H+) tmd p, 


CH-¥=) -me , 


Annex 17. 


Calculation of term in Q. 


g 
27-9 
2T 4- 9 
4T 
dr — g' 
4r + g. 


[221 


2 
The part of Q containing du is Fi (3 cos 2v — 2) dv; and it is necessary to find in 


2 
fa (3 cos 2u — 2v) the coefficient of cosg’ as far as m?; this is in fact required, post 


Annex 21, for the calculation of m?n? (c + | òQ at) : 


pp=1- 3 m A 
+3 me cos g A +3e cosg 
- 2 m »r AT 
— 7 me » 2r—9 
+1 me’ , 2+9 
and thence 
E — 8 cos w- Uw = 
1— à m 33 m? 
+(3+ 2 m?)e cos g + 92m e cos g 
= 2m si - 8 ws T 
(-7-4.2.3=) -lome » 2r—g —(6-- 9 m)e » 2r—g 
(+1-4.2.3=) - 2 me y 27+’ +(6+ 9 m)e » 2rtg 


Ge, 
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where, in the second column, the omitted terms have arguments containing 4r, and 
consequently, do not, by combination with the first column, give rise to any term with 
the argument g' The term arg. y” arises from the combinations 


22 m . 3e cos g 


+ 22 me’. 1 ».9 
— 3 .—10 me (cos 27 cos 27 — g' = 4 cos 47 — g' + $ cos g^) 
—8 .—2mwe(,2r ,2rt*-g =4 , 4r+g +4 „ g) 


—64.—2m („r , 2r-g =f y r-g +4 » Y) 
+ 6g .— 2 m? ( » 2T » 2r 4g =$ » 4T g +4 » g) 


so that the required term is 
(92 + 22-15 4-3--6 — 6 2) + 1} me cos Y, 


and annexing this to the terms found Annex 2, the part of Q which contains ôv is 


171 me cos yl 


YS 3 ” 27 3 
xp "Ma accu. en, : 
+ 3 e » 2Zr+g 

Annex 18. 


Calculation of term of m?n? ôP. 


The part of P involving dv’ and Sp” is 


ôP =p [eee 20- 2083, (Bain to - 0 72 


p= 4 +3 cos 24— 2v = B 
l-im 1-Hm 3e t 
+ 3me’ cos Y —22me’ cos g +3  tcos 29 
— m s aT + 3 L oU +9¢ 5 i 
-ime , 2r—g +(B+Ime „ -g 
+ hime „ 2r+g -(3+2 me „ +g 
+ &c. 
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where, in the second factor, the terms belonging to the arguments which contain 47 
(i.e. the arguments 47, 4r —9', 47+’) are omitted. In fact, the terms in question 
would, in the product of the second and third factors, give rise to terms with arguments 
containing 47, and as there are no such terms in the first factor, there is no resulting 
secular term. 


The product of the second and third factors is 


($—38 mwe t 
-($—28 m?) t cos y 
12e s» dm 
—2979? e (4t + 4tc0s 29’ ) 
+ 2 ($£cos2r—9 +4 , 2+9) 


+(9+2im)e ($t, 27-24 +4 , 27 ) 
—(94 Em) (à , 2+2 +4 „2r ) 
+ (3 — 291 m?) e 6-29. 

+22 ¢ ($t, 2-2’ +4t , 27+ 29’), 


and we may in this product omit the terms with arguments containing 29’, since the 
first factor does not contain any such term. The product then is 


(^n-w-oie G-$Em)je t 
+ ($— 2 m) t cos y 
(G+2-De+(-DQme=) +30 » 27 
s. » -g 
+ 2 51 Br hg’, 


which is to be multiplied by the first factor, p, and the whole by the factor mn’. 


The term in the product is 


m?n?e't (3 — 432 m?) (1 — $m’) 


+hed dw 
+4.32 .— m 
+4.2 .— fm’ 
oa ee ERAR Lc 


giving the term $m’n’e't, which was found above, Annex 9, and the new terms 
(-48—18—1- f f) — 3 med t 
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The term of the part containing dv is found to be =0; in fact we have 


p 3 sin 2v — 2v — = 
1— 4m | 3 sin 2r 2 t sin y 
+ 3me cosg t(6--9m)e » 2r—9 + Md oy 29 
— m X ART — (64-9 m)e » 2r Fg 
— ime „ 2r-g &c. 
+4iwe „ 2r4g 


where in the second factor the terms with arguments containing 47 are for the before- 
mentioned reason omitted. 


The product of the second and third factors is 


6($tcos2rT—9' — Ltcos2r - g' ) 
+(12+18m)e(4 , 27-29 -4 , 2 ) 
—(12--18m)e (3 , 27 -4 „ 27+29’) 
+48 ¿4 , 2r-2y —4 ,, 2r4 99) 


which, omitting the terms with arguments containing 29’, is 
—(6+9m+6+9m)=—(12+18m)e’ t cos 27 


+ 3 
— 3 


» 27-9 
» 2r 
which is to be multiplied by the first factor, p, and the whole by mn? The term is 
mne t. j.—12.— 1 

+4. 3.-¿ 

+4.-3. 4 
which is 

(6—21— 2—) 0 mr et. 


Hence the entire term in question is the before-mentioned value 


— SAL min? e t. 


Annex 19. 


Caleulation of term in me E (0 + | dQ de). 
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We have 


= am mn? (0+ [ 59a) = 
n x nx 
243m Zuge d 

— 9 me cos g' 0 t cos g' 

TOAÉ m b AT — Y m » Xt 

+ 195 me » 2r—g + A m » 2r—9 

— 12 me yc go gl —- $ m » 27-9 

See post Annex 20. For the term — 1455 mie’ t see post Annex 21. 


The term in the product therefore is 


mine t. 2 . — 1455 
thy SAP = 3A 
£go xo 
+- d 


which is 
—(2.— 1485 —228 4 2305 + 45) mine t 
—(2.— 1455 4 S78 =) — 2235 mine t, 


Annex 20. 
Calculation of 2 dv I 
p dt 
We have 
de _ 2_ 
dt p” 
n x 
AÑ 
1 2 +40 
— 3 we cos” — 8 me cos y 
+ at me’ >) 2T + 2 m? » 2T 
TOLL me » 2r—g9g + 7 me » 2T—9 
— A me » 2Zr+yY — 1 me’ » 2rtg 
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so that the product is 


n x 
onus Qs 
2+4 m 
(- 6 -3=) —9 me cosg 
(+44+1=) +1 m 9 Wr 
(+ +7=) +195 mie’ » 2r—9 
C4 1-2) — 15 me’ » 2r+g. 
Annex 21. 


Calculation of a term in mn? (0+ $ dQ dt). 


The part fa — 3 sin 2v — 2v) Sp of 8Q gives 


^ — 3 sin 2v — 2v) = Sp = 
n^ x 
—MM— 
3 m? sin g^ 
— 3 sin 27 — 20» m4 „ 2r 
Qe » 2T g + $ m » 2r — y 
G5 i e » 2c 4- 9 = 9l m? » 2 4- 9 
and we have thence in mn?5Q the term 
m* ne’ 4.—3.- 203 
+4. q 
f PE PE EES 
that is 
(292 — 48: — 8 =) 4442 m ne’ 
2 
The part AG cos 2u — 2v’) du of 8Q gives 
p? 
Eg (7 9 cos w — 2) = du = 
P n 
/ / ADS MONEO 
111 me cos g — 8 eos g 
MR y 9T — E me’ 5 2T 
—21 e£ » 2r—g + YE m » 2r-yY 
PRR try | -m „p rtg 


See ante, Annex 17. 
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and we have thence in mn? èQ the term 
min e à. M.,- 8 


+4.- 3 .- 1 
+1.-Y. Y 
ti. 3$3.-3H 


that is 
(— 842 4 37 1895 — 32 =) — 1? mmn d 


and, combining this with the other term just obtained, the two together are 


Gf. — 2948 =) 4E md; 
and this term in m’n?6Q gives in mn? e + | òQ dt) the term 


— 145 k 
135 mén e t. 


[221 


Annex 22. 
Calculation of term in => T Bp. 
We have 
- = (see Annex 19) = pss 
nx - 
DE m (3 m — 1912 m*3)e t 
+ 9 me cos y + 3 m t cos y 
ads dud » 27 + 5 me m 
- HEN p Arc — $ we » 9r—g 
+ 18 me » Ata” + 4 m » w+tg 


giving, besides the term $mme't already taken account of, the term 


m*n e t. +1973 ,—- 1. 
+4. 

i 

i 

$ 


O 


p, 
4d v4. 
mae EREE ye 
xe eae, 


which is 


= (ARG — 2+ SE IP + 198 — M = GRE + 248 =) 383 mie t, 
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Annex 23. 


Caleulation of term in = (c + | dQ dt). 


We have 
55 mint (C+ | Qat) = 
n x 
L+ 4m TE me’ P 
— 8 me cos g' 
+ 2m TEE. — 18 me (1 cos 2r 
+ 7 me » Q2r—9 + Y me » 2r—g 
— 1 me » 27+9 — 2 we » weg 
giving the term 
mne t — 1455 
+4. 2.— 1£ 
T4. 7. 2% 
+4.-1.- 2 


which is 


=(= 1488 — ee MER) = (— 1498 +48 =) — 1899 mona, 


and this completes the series of calculations, 


C. III. 
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